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THE EFFECT OF FREQUENCY UPON THE CAPACITY 
OF ABSOLUTE CONDENSERS. 

BY J. G. COFFIN. 

IT is proposed to construct an absolute air condenser of two cir

cular plates of optically plane glass. Such plates cannot be 

easily made much larger than 10 cm. in diameter and hence must 

be placed very near to each other in order to obtain a sufficiently 

large capacity. 

In order to render the two opposing faces of the plates conduct

ing they are to be half-silvered so that light may be seen by trans

mission through them. They now form practically a Perot and Fabry 

interferometer l and the beautifully sharp fringes seen by transmitted 

light enable their parallelism and distance apart to be observed with 

the utmost accuracy at any instant. Knowing the geometrical 

dimensions of the system, its absolute electrostatic capacity can be 

•calculated by means of a formula due to Kirchhoff,2 in connection 

with certain edge-corrections worked out by the writer.3 

The half-silvered conducting surfaces of the condenser, however, 

have a very high resistance, and a doubt arises as to whether this 

condenser is completely charged and discharged when a rapidly 

varying electromotive force is impressed upon it. The following 

calculations were undertaken in order to determine the amount of 

this effect. 
RECTANGULAR PLATE CONDENSER. 

As a first approximation consider the flow of electricity in a uni

form strip of resistance R ohms per cm., and of capacity C farads 

per cm. (Fig. i ) . 

1Theorie et Applications d'une nouvelle methode de spectroscopic interferentielle, 
Ann. de Phys. et de Ch., Vol. 16, p. 115, 1899. Theorie des Franges des Lames Minces 
Argentees, Vol. 12, pp. 459-501, 1897. 

2 Kirchhoff, Gesam. Abhand. 
3 Edge Corrections in the Calculation of the Absolute Capacity of Condensers. 

P. A. A. S., Vol. 39, No. 19, Apr., 1904. 
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This represents a condenser made up of two insulated rectangular 
plates placed parallel to each other. The current enters at the 
edge AAf. The second plate is connected to earth. 

Suppose an impressed alternating electromotive force, 

where V0 is the maximum E.M.F. and co is the number of alterna
tions in 27r sees., be impressed at one end of the strip. 

» l * r= ?rl 

——T 
dx -H 

I 

Fig. 1. Fig. 2. 

A' 

Consider an element of the strip of length dx at a distance x from 
the end AAf (Fig. 2). Let the current, which enters the element 
at FFf be denoted by /, then the current which leaves at EE' is 
/ + dljdxdx, and hence the rate of accumulation of electricity in the 
element dx is 

dl dl JV. f-(I+te^h-^^=Tt(d® = cit^ 
because dQ — CdxV, where V\s the potential at the element, so that 

(0 dx dt' 

Similarly the difference in potential between the two edges of the 
element EF is 

/ dV \ dV 

which gives rise to a current of amount IR dx, so that: 

IR--
dx . ( 2 ) 

We are here neglecting the E.M.F. due to self-inductance which 
in the cases here considered is very small in comparison with the 
large ohmic E.M.F. IR here assumed. 
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Eliminating I by differentiating equation (2) with respect to x, 
there results 

d*=CRTS • <3) 

Let the potential at any point of the strip be given by 

V= VJ{x)e^ (4) 

where / (x) is to be determined subject to the conditions that when 

x = o / ( * ) = 1 

x = / / ' (x) = o (equivalent to -=- = o) . ^ 

Substituting equation (4) in (3), there results a differential equation 
for f{x) 

J^- = uoCRf{x) (6) 

which becomes if we write — k2= icoCR 

£W=o. (7) 
The complete solution of this equation is 

f{x) = Aeik* + Be~ikx (8) 

where A and B are the arbitrary constants. 
Employing the boundary conditions (5), there results, for the de

termination of A and By the equations 

A + B = 1 

from which 

A = 

Aem — Be~iU = 0 

P—ikl -ikl 

B giklig—ikl ^ g\kl 1 e—ihl 

hence f(x) is completely determined and 

(
Jli l—x) 1 p—ilt(l—x) v 

^ + e - M ) * - * • . (9) 

The total quantity of electricity in the condenser at any time is 
found by integrating VCdx over the whole strip, thus : 
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0(0= f CVdx = CV/^f f(x)dx 
Jo Jo 

CVeio>t em e~iu 

- — S - ^ s q ^ B - ( ? / " ' ( s a y ) . (10) 

We are principally interested in the maximum value of Q(l)fQ0 

which is the coefficient of eiuit in the above equation. If the plates 
were good conductors this value of Q0 would be CIV, hence the 
ratio of the apparent capacity (maximum) to its actual capacity for 
a steady charge is 

i eM-_ e-*i r i sin (kl) • 

r = j Ikl cos(kl)} ' K } 
ikl eiM+ e~m L kl cos (kl) 

y is thus the number which tells us how much of the ordinarily 
assumed capacity is approached for any value of k2= -— icoCR. 

To realize the expression for y which in k contains thei/7 put 

h{ i + i) = ki. 

In general the square of the absolute value of any imaginary ex
pression (j), is the product of it by its conjugate (J) ; the conju
gate being obtained by replacing i wherever it occurs by —iy in the 
original expression. Hence 

yy= ) 

I eMeihl__ e-Me-

1 ""' l{h + Hi) ehleihl+ e~hle~ 

! (e
2hl+ e-

2hl) - (e 
~~ 2h2l2 (e2hl+ e~2hl) + (e" 

2 cosh 2kl— cos 

•ihl 

•ihl * 

i2hl t 

ma , 

2 hi 

I 

l{Ji-

e-i2M) 

e~iM) 

ih) 
ehle~ 

eMe~ 

- m - e~ 

-m+ e-

-h.lJ.hl 

-hlpihl 

{ 
\ 
( 1 2 ) 

(2hi)2 cosh 2hi-f cos 2hi 

Putting a single symbol I for 2hl9 there results finally for \y\ the 
expression 

( 2 COSh X — COS XV* / I COsh V 2]! — COS \/2{JL\* . 

I2 cosh X + c o s l / "" V c o s h 1/2// + cos 1/2^/ 

where 
X2 = 2(^Ci?/ 2 )==2/* 2 

-h.lJ.hl
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because A( I + i) = ik, 2tk2 = — k2 hence 

— k2 icoCR 
k2 = —r- = r- and A2=4k2P=2coCRl2 and a2=toCRl2. (14) 

21 21 ^ C V J 

For large values of X> y clearly approaches zero, as cosh \K^=. co 
so that for this case 

For I = o the expression for y is indeterminate, but its true value 

for small / 's may be determined by expanding the functions cosh X 

and cos X in series and neglecting the higher powers of X. 

i P A4 \ / )2 /4 \ i/? A6\ 

JI
 2 

( I +
2 n + 4i) + ( I ~ 2 ! + 4 !) ( I + 4 ! 

2 / 1 

1 + 6 l 2 / 1 A4 28A4 7 , 
= — ^ - = I + _ _ _ = 1 - ^ = 1 - - ^ = 1 - 0 . 1 5 6 ^ . 

1 + 4 ! 

Finally, extracting the square root 

\y\ = 1 —-Z-^* = 1 — 0.078//. (16) 

Thus for fi = o} y becomes unity, as of course it should. This 
equation is valid for values of jut less than unity. 

In Fig. 5 is shown a plot of this function y = f^t1) \ <fi being 
explicitly given by equation (13). 

CIRCULAR PLATE CONDENSER. 

In order to obtain a solution for a circular plate condenser with 
an impressed E.M.F. VQeibit at its rim a similar calculation follows. 
Instead of equation (11) we shall find a similar one with the trigono
metric terms replaced by Bessel's functions. 

As the lines of flow on account of symmetry are evidently ra
dial, we may consider the case of an angular strip of length p cms., 
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and i cm. wide at the larger end. (Fig. 3). Let R and C denote the 
re sistance and capacity per unit length respectively, where the strip 

Fig. 3. 

is 1 cm. wide. As we go out from the center o the capacity per 
unit length increases from zero at o to C at the rim D D! while 
the resistance decreases from infinity at o to R at the rim. 

The capacity per unit length at any point x of the strip is given 
by 

The resistance is given similarly by 

r{x) = Ro 

Going through a similar demonstration to that for the rectangular 
plate condenser we find 

M d fjn d lVCx J \ CxdV , 
— = (dQ) •— — ( dx 1 = — - - dx 

dx dtK } ' dt\ P I p dt so that 

and 

}~Tt\ 

di _ 
ox 

dV_ 
dx 

P 

CxdV 
p dt 

Rp 
X 

I. 

(17) 

( I* 

Differentiating equation (18) by x and making obvious substitutions 
there results for the differential equation satisfied by V'm this case 

d2V 
W2 + 

1 dV 
x dx 

CR dv 
dt4 ( 1 9 ) 

The conditions are, that when 

x = p V= V/«l 

dV 
x = o dx 

— o (condition for no current at the center). 
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Assume that the potential at any point x is given by 

where f(x) is to be determined. Substituting this equation into the 
differential equation we find that/(V) must satisfy the following one : 

where P = — koCR, subject also to the conditions that when 

x-*p /(>) = I, 
(21) 

x=o f(x) = o. 
The solution of (20) is 

f(x) = AJlkx) + BKlkx), (22) 

where J0 and K0 are the Bessels functions of order zero, of the first 
and second kinds respectively; and where A and B are the two 
arbitrary constants. 

The conditions (21) give 

1 = AJ„(kp) + BKlkp), 

o = AJ0'(o) + BK0'(o), 

for the determination of the constants A and B. 
As 

and J^x) is zero when x is zero it follows that B is zero and hence 

and 

so that finally 

f{x)-

V- Vi 

~MkP) 

(23) 

This .equation represents the potential F a t any distance x from the 
center at any time t. 
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To find the quantity, Q{f) of electricity upon the whole strip at 
any time we must integrate 

dQ = VdC= V/»*J4rP^ ~dx, 0 MkP) P 
from one end of the strip to the other, obtaining 

V eia C C 
Q(t)B-^-- Jlkx)-xdx. 

By means of the integration formula 

we obtain for Q(t) 
£ uJlu)du = xJY{x), 

We are particularly interested in the maximum quantity of elec
tricity which is contained by the condenser. This quantity is the 
coefficient of eioit in equation (24). 

The quantity of electricity upon the strip, assuming the potential 
to be V0 at all points is easily seen to be 

*V°C*dx=
V°CJ> rpvc 

2 

so that just as in the preceding case we obtain for yy the ratio of 
the apparent capacity to its capacity for a steady potential, 

= KCJikp) iv£p_ 2_Ukp) 
T k jjkP)i 2 KP jikpy K b) 

An instructive analogy may be observed between equations (11) and 
(25). They^jtr) being an odd alternating or periodic function some
what similar to a damped harmonic sine function ; while Jj^x) is 
similar to a damped harmonic cosine function. An excellent graphi
cal representation of the two funct ions/^) and JY(x) is to be found 
in Gray and Mathews, Bessel's Functions, page 292. Such analogies 
are to be looked for, and are a considerable help in proving the 
probable correctness of results. 

It is shown1 in works on Bessel's functions that 
1 Gray and Mathews, p. 156. 
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where q is a large imaginary quantity. 
If we write 

k 2p2 = — mCRp2 = — ip2 

then for large values of kp or of p 

y = — and its conjugate y = —— 
\/—/// %///* 

Hence 
2 2 

' T ' ~" A* ~ s/co CRp2' 

It is instructive to compare this last result with the equation 
which holds for large values of coCRl2 — p? for the case of a uni
form strip, 

I 1 - l - l 

! r | > s/a)CRP 

these limiting equations hold for values of p > 4. 
Thus for high frequencies the angular strip is twice as good as the 

uniform one. 
That the angular strip would show less diminution in capacity for 

equal lengths could be seen a priori. . Consider the two cases repre
sented in Fig. 4. To form an angular strip from a uniform one, 

Fig. 4. 

we take portion E, which is near the end and difficult for the 
electricity to reach and place it at F where the current may more 
easily fill it. The angular strip is thus evidently easier to charge 
than a corresponding uniform one of equal area and length. It is 
also easily understood that if the current be made to enter the 
angular strip at o that it will be theoretically impossible for any 

(26) 
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charge to pass through the infinite resistance at the point o. This 
means practically that when a condenser plate is charged by a wire 
touching it at its center, that it is very difficult for the charge to 
spread from, or contract to, the point of contact. For this reason 
this case would involve far larger discrepancies for the rapid charg
ing and discharging even, than the worst of the two worked out. 
The problem is theoretically capable of solution only on the as
sumption that the place where the current enters at o is a small but 
finite area. Such as the one indicated in the cut. These remarks 
indicate that such connections should be avoided. 

For small frequencies (// < 1) we may obtain a simple expression 
for x by expanding the J0 and JY in series and neglecting all powers 
of the variable higher than the fourth. 

Since 
X2 X* XQ 

T( \ — Xl x* X* X& \ 
JAX) - ^ \ l - ~2^2 + 22 -4^3 ~ ?V-62-4 + " / 

X2 X* I ^ \ /fJL2\ 

_ - ^ lS+^ _ l ^ H ) ., _ ,— 
^'"' * T(r\— <r* ^4 ~ y „4V , „ 2 V , 1 1 ^ — V — ^/i , 

I 

2/i(#) 8 192 _ \ 1 9 2 / 

X2 X41 ~~ / fx\ xJlx) , x2 x' 1 t/\^-llj2\ 

Hence 

1 - ^~+ £- 1 + — 
r [ 2 _ 9^ 64 192 _ 5 

1 AT /T /T IQ2^ 
I - — + ~? I + — * 

32 16 32 

' r ' = ^ ^ ^ ^ I ~ ° - O I 3 / A (27) 

comparing this with the equation (16) for the uniform strip 

17-1=1— 0.078/ / 

it is seen that the capacity of the angular strip falls off only about 
one sixth as fast as that of a uniform one, for very small frequencies. 
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In order to obtain the points for the intermediate frequencies it 
is necessary to employ the tables 1 for the values of 

JluSi) = X-Yi, 

and were called by Lord Kelevin Ber (u) and Bei (u)\ meaning the 
real part and the imaginary part of the Bessels function respectively. 
The values of 

r, /-x ?/0(*v'7) dX .dY ^ .... 

The plot shows graphically the two functions 

y = (j)1(fi) see equation (13) and y = <j>2([i) see equation (28) 

for the rectangular and circular condensers respectively. 

T h e ordinate, y, is the fraction of the ordinarily assumed capacity to be used for any 
given value of the abscissa, fi, 

For the rectangular condenser 
fi2=-.wCRl2; 

for the circular condenser 
fi* = uCJ?p2 

where «, C, R, I and p have the same meaning as in the text. 
2 X a n d F a r e tabulated on page 281 of Gray and Mathews. 
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were deduced from the table by the method of differences. Accord
ingly, if y denotes the conjugate to y we have 

P 
s/ 

and 
IfL 

Xf +iYf 

X—iY ' r — 

rr-
4 X'\;x) + Y'\!x) 

X' - iY' 
X+iY~ 

I r I' = S? JFifi)+¥*(?) = &M2- (28) 

A plot has been made of the two functions y = (f^p) and 

y = <p2(p) for the two cases represented explicitly by equations (13) 

and (28) respectively. With any given R, C, I or p to every value 

of co = 27zn corresponds a definite p. From the curve the ratio of 

the apparent capacity (maximum) to the ordinarily assumed capacity 

(zero frequency) may be easily read off. I t is graphically shown in 

t h e plot how rapidly the diminution of the acting capacity takes 

Table Showing Decrease in Capacity of Condensers with Frequency. 

n 

100 
1,000 

10;000 
20,000 
40,000 

Greater. 

^ 
— 
— 

1.87 
2.64 
3.74 

^ 

0.035 
0.35 
3.5 
7.0 

14.0 

i*4 

0.00122 
0.122 

— 
— 
— 

y = <f>i(ft) 

.999 

.99 

.61 

.39 

.27 

- I / , " 

Decrease. 

0.1% 
1 

39 
61 
73 

Y = </>20) 

.9998 

.999 

.925 

.75 

.53 

= 2lfi 

Decrease. 

.02 % 

.1 
7.5 

25.0 
47 

place, especially after p is slightly greater than 1.5 and how neces

sary it is in order to obtain reliable results to assure oneself that the 

correction is negligible or in case it is not, to carefully apply it. 

In order to show how large these corrections may become in a 

definite case, we shall assume the following values for the constants, 

Cy R, l and p. These values are of the order of magnitude that 

would occur with a half-silvered glass plate condenser, with the 

plates placed very close together. 

R = 5,000 ohms per cm. 

100 
C = 100 cms. per cm. = yi farads per cm. 

/ = p == 10 cms. 
9 X i o l 

P 
CO = 27171. 

Hence in this case 
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a2 = OJCRP = n x 5,000 x 100 x 2nn = —, n. (29) 
r 9 x io11 J io5 v ^ 

The results of this paper in connection with those on " The 
Effect of Frequency on Self-Inductance " * may serve to explain the 
observed deviations from the equation 

T=27TS/ZC 

in past experimental work of this kind, as it is shown in these 
papers that both L and C tend to diminish in value with increasing 
frequency. This remark applies all the more forcibly, to work in 
which high frequencies are employed, such as wireless telegraphy. 

RESUME AND CONCLUSIONS. 

The calculations of this paper were undertaken in order to find 
out how completely a condenser is charged and discharged when 
the condenser surface has a high resistance such as silvered glass, 
tin-foil, etc. The calculations are however perfectly general. 

In order to attack the problem mathematically it was necessary 
to assume the simple case of a uniform strip and that of an angular 
strip, this latter corresponding to a circular plate condenser. The 
results show that when the surface resistance is high, that the ca
pacity falls off to an enormous extent for comparatively low fre
quencies. A plot showing the ratio (y) of the apparent acting 
capacity to the ordinary capacity has been made for both cases so 
that for any value of / / = wCRl2 or toCRp2, we may read off the 
corresponding values of 7, where Cy R, and / or p may have any 
values whatever. The solution for the uniform strip is also one for 
a cylindrical condenser in which the current enters at one end ; as 
the lines of flow are evidently along the generators. It has been 
found here that the capacity of a condenser diminishes with increas
ing frequency as well as the self-inductance of a coil; so that their 
effects are additive and in all work in which high frequency cur
rents are employed, the experimenter must assure himself that the 
corrections pointed out are negligible for the work in question, and 
if not, to apply them. 

PHYSICAL LABORATORY, 

COLLEGE OF THE CITY OF NEW YORK. 
1 The Influence of Frequency upon the Self-inductance of Cylindrical Coils of m-

Layers. PHYSICAL REVIEW, Vol. XXIII. , No. 3, September, 1906, and Bull. Bureau 
of Standards, Vol. 2, No. 2. 


